STAT 4352: Mathematical Statistics Lecture 6

Lecture 6: Exponential Family, MLE, and Sufficiency

6.1 Exponential family

‘Deﬁnition 6.1 ‘ The probability density function of an exponential family is given by

pdf(x;n) = exp{nT(x) — A(n) + S(z)}, z€ X, ne

satisfying the following properties:

(i) the support X = {x : pdf(z;n) > 0} does not change with respect to the parameter 7.
(ii) the parameter space ) is an open interval on the real line.
(iii) Var(T'(X1)) > 0, i.e., T'(x) is not a constant function.

where 7 is the “natural” parameter, and A(n) is the “log-partition” or “log-normalization” function.

Remark 6.1| An exponential family is an important class of probability distributions with a

specific form that exhibits mathematical conveniences (e.g., straightforward calculation of expec-
tations and covariances through differentiation). More importantly, we will show that this class of
distributions naturally determines complete and sufficient statistics in the later sections. In this
section, even though we only consider continuous variable cases for the proof, it can include discrete

variable cases.

Theorem 6.1 ‘ If a random sample X1, Xo,--- , Xy, ~ fy, and f belongs to an exponential family.

Then, the likelihood equation is given by

9A(n)

Aln) = 50 — By 1)) = > T, ne, 1)
=1

If the solution of 7N = n(x1,...,x,) exists, then 1 is the maximum likelihood estimate of 7.
(Note: A= 25 A(n))

Proof. Omitted O

Remark 6.2| In many cases, the parameter n used in the expression of the exponential family

is given by a one-to-one transformation g as n = g() for some 6 € ©. The pdf parameterized with

the natural parameter 6 is given by

pdf(z;0) = exp{g(6)T(z) — A(g9(0)) + S(z)}, xze€ X, OHe€0O.
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Therefore, if the distribution belongs to the exponential family, the maximum likelihood estimator

of 6 is obtained using the likelihood equation:

n

Eo[T(X1)] = %ZT(%), )

=1

from Theorem 5.3.

‘ Example 6.1 ‘ Find the MLE for the parameters in each of the following using Theorem

(a)

X1, Xn % Ber(p), with 0 < p < 1

Solution. The pdf is given by

pdf(z;p) = p®(1 — p)' =% = exp { <log 1 ﬁp) x + log(1 —p)} , x=0,1.

We apply the transformation n = log 1%}. Note that in order to continue, we need log(1 — p)

p
1-p-

el
1+en:

in terms of n. We know e" = Solving, we get p = Plugging in, the pdf with 5
becomes

pdf(z;n) = exp{nz —log(1+¢€")}, 2=0,1, —oo<n<oo.

Checking the conditions, we see that the pdf is an exponential family, therefore we apply
Theorem [6.1] and Remark [6.2]

0A(n) e 1<
- —p=E X)) =
an 1+en p p[X1] — v
Therefore, the MLE is pyLE = % Yo X [ |

X1,..., X, % Poisson()\), with A > 0

Solution. The pdf is given by

e ANE

!

pdf(z; \) = , x=0,1,...
When we apply the transformation n = log A, the probability density function becomes

pdf(z;n) =exp (nx — e’ —logz!), x=0,1,..., —oo<n<o0.

For a random sample of size n, the likelihood equation using the parameter A is given by

1 n
szi = Ex(X1) =X, A>0.
=1
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()

Therefore, when Y | x; > 0, the maximum likelihood estimator (MLE) of X is

n
N 1
AMLE = — g x;.
n “
=1

X1, .., X Geo(p) with 0 < p < 1
Solution. The pdf is given by
pdf(z;p) = (1 —p)* 'p, z=1,2,...
When we apply the transformation n = log(1 — p), the probability density function becomes

pdf(z;n) =exp(nz —n+log(l —€”)), x=0,1,..., —oo<n<0

For a random sample of size n, the likelihood equation using the parameter p is given by
1< 1
— E ri=E)(X1)=-, 0<p<Ll
n 4 D
=1
Therefore, when ;" | 2;/n > 1, the maximum likelihood estimator (MLE) of p is

. 1
PMLE = —<n
Z?:l Ti/n

X1, ..., X % Exp(6), with > 0.
Solution. The pdf is given by
1 —z/0
pdf(z;0) = g€ , x>0.
When we apply the transformation n = —%, the probability density function becomes

pdf(z;n) = exp (nz +log(-n)), = >0, 7n<0

For a random sample of size n, the likelihood equation using the parameter 6 is given by

1 n
EZ:@ =Fp(X1)=0, 6>0.
=1
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Therefore, the maximum likelihood estimator (MLE) of 6 is

n
A 1
OMLE = — E x;.
n <
=1

(e) X1,...,Xn “ Pareto(1,6), with § > 0

Solution. The pdf is given by
pdf(z;0) =027, 2> 1.

In this case, n = 6, so no transformation of the parameter is required. The probability density

function becomes
pdf(z;0) = exp ((—logx) +logf —logz), x>1, 6>0.

For a random sample of size n, the likelihood equation using the parameter 6 is given by

n

1 .
- D (~logzi) =A(f) = -, 6>0.
=1

At the same time, we have
1
X% ~U(0,1), 6logX; ~Exp(l), Ep(—logX;)= —

thus,
A(6) = Ep(—log X1).

We can conclude that .

éMLE = T —n 1
1 .
n Zi:1 log ;

Definition 6.2 ‘ The pdf of the multivariate exponential family is given by

k
pdf(z;n) = exp | Y _nTj(x) — Am) +Sx) |, ze€X, n=(mn,....,m)" €Q
j=1

with the following properties:

(i) the support of the distribution X = {z : pdf(z;n) > 0} does not change with respect to 7.
(ii) the parameter space {2 contains an open k-dimensional region in R* defined by the Cartesian

product of intervals (aj,b1) X -+ x (ag, by).
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(iii) For any real constants ¢ = (ci,...,c)?, the linear combination ¢! T'(x) = c;T1(x) + -+ +

cxTk() is not a constant. That is, for any nonzero vector ¢ € R¥, the variance is positive:
Var(¢!T(X)) >0 VYeceRF c#0.

Theorem [6.1] then applies. See the next example for how.

‘Example 6.2‘ The pdf for X ~ N(p,0?) is

1 _ 2
pdf(z;0) = (2r0?) "2 exp <_2(3602,u)> , —oco<x<oo, O=(uoc*)T

1 1
= exp{—2 10g(27ra2) - T‘Q({L‘Q —2ux + ;12)}
el B T Mgy 2]
= exp{o_2 x+ 557 % [2 log(a ) + 57 5 log(2m)

We can define the following transformations

I —1

m = 772:@a

o2’

where the pdf is now of the form
pdf (z; 1, m2) = exp (ma + nx’® — A(m,m2) + S(x)),  —00 <& < +00, —o00 < < 400, 7 <O0.
We now need A(n1,72) by writing %log(UQ) + % in terms of n; and 7. With some algebra,

1 n
A(ni,m2) = —3 log(—2m2) — i

Let n = (n1,m2). The log-likelihood function for a sample of size n is given by

l(n) =m Z% + 72 Zfﬂzz —nA(n),
i=1 i=1

and the maximum likelihood estimation equations using the parameters 8 = (u, 02)7 are
1 ¢ 2 1 2 0T 2
EG(XI):nE;xi) Ee(Xl):n;xiv 9:(:“70) , —oo<pu<oo, o°>0.
1= 1=

Therefore, the likelihood equation regarding p and o2 are given by

1 & 1 —
ﬂzﬁleu (}2—’_(/‘2)22523312’
i=1 i=1
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which implies o= 2y | X;,62 =13 (X; — X)? are the MLEs.

6.2 Sufficient statistics

Remark 6.3| When estimating parameters using a random sample X7i,...,X,, if the estima-

tor can be fully and precisely determined by using only some function of the sample, it may be
advantageous because we only need the value of the function.

This concept of data reduction leads to the notion of sufficiency.

‘ Example 6.3 ‘ Can the observed data from independent Bernoulli trials X7, Xo with parameter
0 (where 0 < 6 < 1) be fully reconstructed from Y = X; 4+ X5 to estimate #7 Since X; and X5 are
Bernoulli trials, Y = X; + X can take values in {0, 1, 2}:

(i) Y =0, then X; =0 and X5 =0.
(ii) If Y = 1, the possibilities are (X1, X2) = (1,0) or (0,1).
(iii) f Y =2, then X; =1 and Xy = 1.
The probabilities are given by:
(i) P(X1=0,X0=0|Y=0)=1
(i) P(X1=1,X2=0|Y =1)=P(X; =0,Xo=1]Y =1)=3
(iii) P(X1=1,Xo=1|Y =2)=1

Since these probabilities do not depend on 6, the sum Y = X7 4+ X5 contains all the information
about 6, making it a sufficient statistic. In words, knowing Y is sufficient for 6 regardless of the

order of success or fail.

‘ Definition 6.3 ‘ For a probability density function f(x; ) with parameter 6 € €2 from the sample
X1,..., Xy, the statistic Y = u(Xy,...,X,) is sufficient for 6 if

Py ((X1,..., X)) T €AY =9) = Pp,((X1,..., X)) T € A|Y =9y) VA,y, and V6,6, € Q.

Equivalently, if the conditional distribution of (X1, ..., X,,)? given the statistic Y = u(X1, ..., X,) =
y does not depend on 6 € ), we call Y a sufficient statistic for 8 € Q2.

Example 6.4‘ Let X1,...,X, ~ Ber(f), where 0 < # < 1. Define ¥ := X; +---+ X,,. We
know Y ~ Binomial(n,f). Thus, given Y = X; + --- + X, = g, the conditional probability of the

random sample (X1,..., X,)T is
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Po(Xit 4 Xn=y | Xs=1,.., Xn =2) - Po(X1 = 1,..., Xo =
Po(Xs =1,y X = 0l Xy 4o b Xy =) = o X =y [ X0 =0, X =) PG =, X = )

Py(Xi+ -+ Xn=y)
A
(:)09(1 — O)n—v

Uz 4+t an =y}

1
= a1+ +z, =y}, YOE(0,1).

()
Hence, Y = X7 + --- + X,, is a sufficient statistic for § € (0,1), according to the definition. This

begs the question, given just the likelihood function, how can we find a sufficient statistic?

‘Theorem 6.2‘ (Factorization Theorem) Let f(x;0) be the probability density function for a

random sample X1, ..., X,, with parameter 0 € Q. Then'Y = u(X1,...,Xy) is a sufficient statistic
for 0 € Q if and only if there exist functions k1, ke satisfying

n

Hf(xi; 0) = ki(u(x), ke (), Y= (x1,...,2,)7, Ve
i=1

Proof. This is a general result, but we will prove it for a discrete case.

(<) Suppose that there exist such functions, we have

n

Py(X =) = [[ f(@i;:0) = ka(w(=), 0)ka(x), Vo= (21,...,2,)7, VOEQ.
=1

Thus, for all 0 € Q and y = u(xy,...,z,), the following holds:

PQ(X = :ZZ,Y = u(

>

S~—
I

N

Py(X = 2|V = y) =

N
~—

kl Eya 9) Zz:u(z):y k2(
_ kao(®) - Hu(z) = y}
Zz:u(z):y kQ(z> .

This conditional probability no longer depends on 6, thus proving that ¥ = u(Xy,...,X,) is a
sufficient statistic for 6 € Q.

(=) Y =u(X) =u(Xy,...,X,) is a sufficient statistic for 6 € €2, then the conditional probability
Py(X =z | Y = y) must not depend on 6 €  for all  and y. Therefore, we have

Po(X = | Y =u(X) =) = ho(a)
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Now, let

Thus, for all § € Q and for © = (z1,...,2,)7, the following holds
P X=z)=F(X=z,Y=uX)=ulz) =P(X =z |Y =u(x))Py(Y =u(x)) = kao(x)k1(u(x),0).

Therefore, we can write

[[/@i0)=Po(X =2) = P(X =2 | Y = u(@)P(Y = u()) = k1 (u(), 0)k2(),
i=1

which completes the proof. O

Example 6.5 ‘ Suppose X1, ..., X, i Poisson(6), the joint pmf is

n n

n —901’1- n i .

i=1 i=1 ’

i=1 i=1
Then, define
e—n@eZ?zl M=k (Z L, 9) ’
i=1
which leads to
n n n 1
Hf(%ﬂ) =k (;%9) 1:11 ol

Therefore, u(X) = > | X; is a sufficient statistic for 6 > 0.

Theorem 6.3‘ Suppose X1, Xs,..., X, follows a distribution which belongs to a multivariate

exponential family, whose probability distribution is given by

k
F@:0) = exp | 3 g, (O)T(2) — Ag(60) + S(@) |, zeXx.beq.
j=1

Then, we have a sufficient statistic for 6 € Q) given by

n n n T
> T(X) = (ZTl(Xi)a--'aZTk(Xi)> -
=1 =1 =1
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Proof. The joint probability density function of the random samples X1, X, ..., X, is given by
n k n n
[1/(xi:0) =exp [ > g;(0) > Ti(w:) —nA(g(9)) | exp (Z S(%))
i=1 j=1 i=1 i=1

Since the likelihood function can be factorized as

n k n
[1/(i:0) =exp [ D g;(0)> Ty(wi) —nA(g(6)) | - h(x)
j=1

i=1 i=1

where h(z) = exp (3., S(xi)), we conclude that

n n n T
SOT(X) = (Zﬂ(m),...,ZTk(Xi))
=1 =1 =1

is a sufficient statistic for 8 € €2, by the factorization theorem. O

Remark 6.4| Note that sufficient statistics are not unique. Any one-to-one function of a suffi-

cient statistic is a sufficient statistic.

‘Theorem 6.4‘ Let f(x;60) be the probability density function for a random sample Xq,..., X,

from a population with parameter 6 € Q. Suppose that Y = u(X1,...,X,) is a sufficient statistic
for 0 € Q. Then, any one-to-one function of Y, W = g(Y'), is also a sufficient statistic for 6 € Q.

Proof. Since Y = u(Xj,...,X,) is a sufficient statistic for 6 € Q, the conditional probability:

Py ((X1,.... X)) T € A|Y =)

does not depend on 6 € 2 for all values of y. Now, let W = ¢g(Y) be a one-to-one function of Y,
with w = g(y) corresponding to the value w in the image of the function. Then, the conditional

probability:
Py (X1, . X)) € AW =w) =Py (X1,....Xn)T €AY =g (w)) .

Since Y is a sufficient statistic, this conditional probability does not depend on 6. Therefore, the
statistic W = g(Y) is also a sufficient statistic for 6 € Q. O
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