STAT 4352: Mathematical Statistics Lecture 2

Lecture 2: Order Statistics

Remark 2.1| Let Xq,..., X, i N(u,0%). Common measures of center are the mean and

median. The sample median is an example of an order statistic. Order statistics are commonly

denoted X (1), X(g), .., X(n) arranged in increasing order.

‘Theorem 2.1‘ Let the population distribution be continuous and its pdf is denoted by f(x) on
the support S = (a,b) for —o00 < a < b < oo. For a random sample X1, Xo,..., Xy, let Y1 <

Y, < ... <Y, denote the n order statistics arranged in increasing order. Then, the joint pdf of
Y =(1,Ys,...,Y,) is given by

n'f(yl)f(yn)v a<y1<--~<yn<b

0, elsewhere.

pde(yla s ayn) =

Proof. Let u: X — Y be defined as u(X1,...,X,) = (Y1,...,Y,) denoting the transformation of a

random sample into the n order statistics where

X={(z1,...,2pn) : f(z;) >0Vi, and z1,...,x, are distinct real numbers}

Y ={(y1,---s9n): f(y;)) >0Vi, anda <y; < - <y, <b}.

Note that u is an n!-to-1 mapping. If II denotes the group of all permutations of {1,...,n}, its
order is n! and for any w € II, we know (2r,,...,7r,) € X. Notably, | | cq(zr,...,2q,) = X
(recall Ll means “disjoint union”). Then, we can apply the approach learned in Example 1.6 to find
the pdfy-. First, it is easy to see that the Jacobian for u for each w € Il is £1. The easiest way to
see this is to consider the special case 7* such that zz: = y1,...,Zzs = yn; here Jp« = 1. Then,

we know for a <y; < ... <y, <b

pdfy (1, ., yn) = > pdfy, _x, (W) (Y)) - | Jx]
well

= Z pdel,m,Xn(ywlil’ Ce. ,ngl) . ‘ + 1‘
well

= Z f(yﬂl_l) o f(Ygot) (independence)

mell

=" Fly) - Fya) (reordering)

mell

=nlf(y1) - f(yn)

and pdfy (y1,...,yn) = 0 elsewhere. O
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Example 2.1| Let X7, X5, X3 u Exp(1) where f(z) = exp(—z), x > 0. Define order statistics
Yi < Ya < Y3. Find the joint pdf of Y = (Y1, Ya, V3).

Solution. Let u : X — Y be defined as u(X1, Xo, X3) = (Y1, Y2, Y3) where

X={(x1,22,23) : ; > 0Vi, and x1 # 2, x2 # 23, T3 # 21}

Y = {(y1,y2,93) 14 > 0Vi, and 0 < yy <--- < yp}.
Then, by Theorem we know

pdfy, v, v; (1,42, y3) = 3! exp(—y1) exp(—y2) exp(—ys) - L(0<y, <yo<ys)
=6- exp[—(yl + Y2 + y3)] : 1(0<y1<yz<y3)'

‘Theorem 2.2‘ Suppose the population distribution is continuous with its probability density

function f(x) and its cumulative distribution function F(x). The marginal distribution of order

statistics X1y < -+ < Xy of a random sample X1, ..., Xy are given as follows:
(a) The pdf of X,y (1 <7 < n):

Pt (o) = = P @) = P

(b) The joint pdf of (X, X(5) (1 <7 <s<n):

Ptx,,x(0) = =@ @) — @l S - P

Proof. First,let fy (y1,...,yn) = nlf(y1) - f(Un)L(y,<...cy,) denote the joint pdf of Y = (X(yy,..., X(p))
derived in Theorem Next, let

f’r(x):/ / fY(y17ax7ay”)dyldyT*IdyT+ldyn7 (1)

fr,s(w,y)=/ / Sr(yu,m oy yn) dyrcdyr o dyrr - dyso dyser - dyn (2)
denote the marginal pdfs of X,y and (X(,, X(s)), respectively.

(a) We know that within the integrand fy (y1,...,yn), the products [f(y1) - - f(yr—1)] and [f(yr+1) - - f(yn)]
do not vary with the permutation of y1,...,y,—1 and y,41, ..., Yn, respectively. From

fr@) =t [ [ e @ @) S0 << o) B o dy

= nlf(z) /Z/Z {/_O;~~~/_o:of(y1),---7f(yr—l)1<y1<»~<yr71<z>dy1"'dyr—l}

X f(Yr41), -5 FYn) La<yppr <o <ym) AYr+1 -+ - AYn.
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First, recall that f(-) is the density function corresponding to the population distribution, not
an order statistic. Next, we focus on simplifying the expression in the {brackets}. There exists
two different approaches:

Approach (1) If we relax the ordering and just assume y; < z, i = 1,2,...,7 — 1, then the
integral becomes

/ / Fi)y o s fr—1) Ly, <a, i=1,2,....,,—1)dY1 - - - dyr—1
/ / fyr) - flyr—1) dyr - - - dyr—1
= [F(z)]™
However, we are only interested in the particular ordering y1 < -+ < yp—1 <
x. Therefore, among the (r — 1)! ways of permuting y1,...,y,—1, we are only

interested in one. Hence,

/ / f(yl)v-~~7f(yrfl)l(yl<~~~<yrf1<m)dy1"'dnyl

N [F ()]
Approach (2) Directly solve the integral:
/ / f Y1), yr 1)1(y1< <Yy 1<z)dy1 dyr—1

:/_Oo f(yr—l).../_oo f(yz)/_o; FY) Ly <ypc <y <oydyr - dyr—1
:/:) f(ynl).../: FW2)lyacicy, s <) /j; Fly1)dys -+ - dyr—
:/_; Jyr—1)--- _y; f(y2)/_t, f(yr)dyrdys - - - dyr—1

Y3

- [ S ) [ F) Fun)dysdys - dysy

—o0

x F(y3)
- / Fyr1) - / wdu dys - -dyr—1 [u=F(y2), du = f(y2)dya]
x o 2
[ oy [ EOL g,

1

Plugging this information back into the expression for the pdf of X(,), we have

fr(@) =nlf(z) { ] } / / Frs1)s oy FUn)Lacyypr <ocym) @Y1 -+ Y.

Then, similar to the logic applied before, it is easy to show

S oo 1 n—r
e L Rt e 1L 0) e
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Therefore, we know

f2(2) = nif(2) {ﬁ[m)r—l} el - P

(For an alternative proof, see the proof of Theorem 5.4.4. of Casella and Burger 2nd edition
[here])

(b) Following the same steps as in (a) starting with (2), it can be shown

n!

TG = D e P T @IFG) - @I ) - Fo)I

fr,s(xu y) =

O]

‘Example 2.2 ‘ Suppose a random sample X1, Xs,..., X, i Unif(0,1). Find the joint distribu-

tion of the order statistics X1y < --- < X(,), and show X,y ~ Beta(r,n —r +1).

Proof. The probability density function and cumulative distribution function of Unif(0, 1) are:

0, =<0
f@)=1¢c0,), Fl@)=qx 0<z<1.

1, =z>1
From Theorem the joint probability density function of Y = (X(y),---, X (n))T is

pdfy (y1, -+, yn) = ”!1(0<y1<---<yn<1)7

and by part (a) of Theorem the marginal distribution of X,y is given by

n! r—1 n—r
pde<T) (x) = (7’ IR 1)'(71 I ’I”)'x (1 - fI?) 1(0<x<1)-

Therefore, X(,y ~ Beta(r,n —r+1) O

‘ Definition 2.1 ‘

(1) Range:
Xy =X

(2) Midrange:
X+ Xm


https://ebkendall.github.io/STAT4352/files/casella_berger_proof.pdf

