
STAT 4352: Mathematical Statistics Homework #3

Homework #3

[Your Name]

[Total - 100 pts]

(Useful information) The following identity will be necessary for this homework:

lim
n→∞

(
1 +

a

n

)n
= ea, a ∈ R

Question 1: Suppose a random sample X1, . . . , Xn follows a distribution below with the proba-
bility density function

f(x; θ) = e−(x−θ) · 1{x > θ},

where θ is a real number. Let the statistic Yn = min1≤i≤nXi. We want to show that Yn
P→ θ.

(a) Find the cumulative distribution function of X1, cdfX1(x) = P (X1 ≤ x).

(b) Find the probability density function of Yn.

(c) Using Theorem 3.3, show Yn
P→ θ.

[1.a] Solution ■

[1.b] Solution ■

[1.c] Solution ■

Question 2: Suppose X1, . . . , Xn
iid∼ Beta(1, α) for α > 0. We ultimately want to find the

asymptotic distribution of n1/α(1− Yn), where Yn = max1≤i≤nXi.

(a) Find the probability density function of Yn.

(b) Let Wn = n1/α(1 − Yn), find the probability density function of Wn by using the variable
transformation.

(c) Find the cumulative distribution function of Wn. For each value of the cdf, where does it
converge?

(d) Let W be the asymptotic distribution that has the cdf above. Find the probability density
function of W .
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[2.a] Solution ■

[2.b] Solution ■

[2.c] Solution ■

[2.d] Solution ■

Question 3: Given the probability density function f(x) = αx−α−1 ·1{x > 1} with α > 0, find the
probability density function of the asymptotic distribution of n−1/αYn, where Yn = max1≤i≤nXi.
Follow the steps in Question 2.

[3] Solution ■

Question 4: Given X1, . . . , Xn
iid∼ Exp(1), find the asymptotic distribution of Yn − logn, where

Yn = max1≤i≤nXi. Again, follow the steps in Question 2.

[4] Solution ■

Question 5: Suppose a random sample X1, . . . , Xn
iid∼ Beta(α, 1) with α > 0. We consider

Yn = min1≤i≤nXi. Find the value of r such that nrYn has an asymptotic distribution.
Hint: for some fixed a > 0

lim
n→∞

(
1− a

nr

)n
=


0, r < 1

e−a r = 1

1, r > 1

[5] Solution ■

Question 6: Suppose U1, . . . , Un
iid∼ Unif(0, 1). Define Xn = min1≤i≤n Ui and Yn = max1≤i≤n Ui.

Set Rn = Yn −Xn.

(a) Prove that Xn
P−→ 0 and Yn

P−→ 1.

(b) Find the limiting distribution of n(1−Rn) (i.e., what does the CDF of n(1−Rn) converge to).
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[6.a] Proof □

[6.b] Solution ■
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